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Abstract

Inverse conduction–radiation problem for design analysis in a two-dimensional concentric cylindrical absorbing, emitting and iso-
tropically scattering medium has been solved, when the desired boundary conditions are available on the design surface. The finite-vol-
ume method was adopted to deal with energy conservation equation including conduction and radiation. The radiative transfer equation
was also taken into consideration in direct problem, whereas the Levenberg–Marquardt method was used to solve a set of equations in
inverse problem, which are expressed by errors between estimated and desired total heat fluxes on the design surface. The automatic
differentiation as well as the Broyden combined update was utilized to reduce computational time in calculating the sensitivity matrix.
The results have shown that the desired total heat flux distribution on design surface could be successfully estimated with less compu-
tational time using the present inverse procedure developed here.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Heat transfer by conduction and radiation is an impor-
tant combined heat transfer mode in various engineering
design problems such as fibrous insulation and glass man-
ufacturing industry. Consequently, the combined conduc-
tion and radiation, especially, in cylindrical geometry has
been studied by many researchers [1–3]. In these reference,
the total heat flux on a side wall or temperature field was
calculated when boundary conditions were given.

Recently, inverse heat transfer analysis has received
much attention due to its various applications [4]. Among
others, especially, the inverse conduction–radiation analysis
was applied to estimate the thermal properties or to deduce
the optimal condition that satisfies a design goal. In the for-
mer case, Matthews et al. estimated the extinction coeffi-
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cient, back scattering fraction, and thermal conductivity
when the temperature and transmittance measurements
are given in one-dimensional planar layer [5]. Ruperti
et al. predicted the surface temperature and heat fluxes from
simulated transient temperature data in one-dimensional
semi-transparent slab [6]. Li simultaneously estimated the
single scattering albedo, the optical thickness, the conduc-
tion-to-radiation parameter, and the scattering phase func-
tion with the exit radiation intensities in a one-dimensional
plane-parallel medium using the conjugate gradient method
in parameter estimation approach [7]. In the latter case, a
boundary design problem was solved to obtain optimal dis-
tribution of the heater powers located on the heater surface
which satisfies a desired heat flux distribution on design sur-
face in two-dimensional irregular domain using the conju-
gate gradient method [8]. However, such a problem has
not been explored in a cylindrical geometry so far.

A successful estimation of unknown properties depends
on the magnitude of sensitivity coefficient. The bigger its
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Nomenclature

Dci direction weights
Eb emissive power, rT4, W/m2

~ex;~ey ;~ez unit vector in x, y, z directions
G incident radiation
I radiation intensity, W/(m2 sr)
Ib blackbody radiation intensity, W/(m2 sr)
k thermal conductivity, W/m K
L cylinder height, m
~ni unit vector normal to control volume surface i

NCR conduction-to-radiation parameter
ð¼ kb=4rT 3

refÞ
nc number of code events
ne number of elements on design surface
np number of unknown parameters
P vector of unknown parameters
qC conductive heat flux, W/m2

qR radiative heat flux, W/m2

qT total heat flux, W/m2

r radial coordinate
~r position vector of intensity
rin inner cylinder radius, m
rout outer cylinder radius, m
S equations set
s
_

direction vector of intensity
T temperature of participating medium, K
Ti boundary temperature at the surface i
X sensitivity matrix
z axial coordinate

Greeks symbols

b0 extinction coefficient, ja + rs, m�1

DAi,DV ith surface area and volume of the control vol-
ume

DX control angle
ei boundary emissivity at the surface i

U scattering phase function
u0 space variable in the azimuthal direction mea-

sured from x-axis, rad
uX angular variable in the azimuthal direction mea-

sured from x0-axis, rad
ja absorption coefficient, m�1

l damping parameter
h polar angle measured from the z-direction, rad
H non-dimensional medium temperature
r Stefan–Boltzmann constant,

5.67 � 10�8 W/m2 K4

rs scattering coefficient, m�1

s optical thickness
X diagonal matrix
x0 single scattering albedo

Subscripts

C conduction
d design surface
E, W, N, S, T, B index of neighboring nodal points
e, w, n, s, t, b index of control volume surfaces
e estimated value
h heater surface
P calculating nodal point
R radiation
ref reference value
T conduction + radiation
w wall

Superscripts

m, m0 radiation direction
m+, m� boundaries of the control volume
k iteration number
* non-dimensional quantity
0 initial value
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magnitude, the easier it is to estimate the relevant inverse
solutions. Furthermore, a reduction in computational time
for calculating those values is one of main issues in using
the gradient-based inverse method. Sensitivity method is
necessary to approximate sensitivity coefficients. So far,
the equation-based sensitivity methods, such as sensitivity
problem [4], boundary value problem [4,8] or adjoint prob-
lem [4], have been prevalent. The finite-difference approxi-
mation was also used to calculate the sensitivity matrix [7].
Recently, the code-based method has received much atten-
tion due to its own advantage [9], since it does not need to
derive an adjoint problem or sensitivity problem, which is
required in gradient-based method, so that a discretization
procedure of relevant equations is not necessary. In using
the code-based method the computational code for calcu-
lating sensitivity matrix can be directly extracted from the
code of direct problem. The automatic differentiation
belongs to this category [10].

In this paper, inverse conduction–radiation design anal-
ysis in a two-dimensional concentric cylindrical absorbing,
emitting and scattering medium has been conducted, given
desired boundary conditions on the design surface. Finite-
volume method was adopted to deal with the energy con-
servation equation and the radiative transfer equation in
direct problem, whereas the Levenberg–Marquardt method
was used as the inverse method. The Broyden combined
update, which is one of the secant methods, was used with
automatic differentiation to further shorten the computa-
tional time required to calculate the sensitivity matrix. In
inverse analysis, a parametric analysis was conducted to
examine the effects of boundary temperature, surface emis-
sivity, a ratio of cylinder length to outer radius, and



2830 K.W. Kim, S.W. Baek / International Journal of Heat and Mass Transfer 50 (2007) 2828–2837
conduction-to-radiation parameter on total heat flux distri-
bution on heater surface. Inverse method was also applied
to a real design problem to get the total heat flux on heater
surface satisfying uniform total heat flux and temperature
distribution on design surface.

Therefore, the major objective of this work is to propose
the automatic differentiation combined with the Broyden
combined update as an alternative sensitivity method and
to extend the inverse conduction–radiation design problem
to a two-dimensional cylindrical enclosure as its practical
application.
2. Analysis and modeling

2.1. Model description

Fig. 1 shows a concentric cylindrical enclosure which is
filled with an absorbing, emitting, and scattering gray med-
ium, and its simplified geometry with boundary conditions.
The walls are diffusely emitting and reflecting gray walls.

The direct problem is to calculate the total heat flux dis-
tribution on design surface 1, given the boundary condi-
tions such as temperature, wall emissivity, and the
medium properties such as single scattering albedo, extinc-
tion coefficient and conduction-to-radiation parameter.
Temperature distribution inside the medium is determined
by solving the energy conservation equation. Radiative
heat flux on the wall including heater surface 2 and design
surface 1 is obtained by integrating the dot product of
intensity and unit normal vector over all solid angles, while
4 4,
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Fig. 1. Schematic of the physical system and its simplified geometry: (a)
physical system and (b) simplified geometry (L = 4, rout = 1, rin = 0.5).
intensity distribution is acquired by solving the radiative
transfer equation. In this work, the finite-volume method
is adopted for solving the radiative transfer equation and
energy conservation equation.

In inverse problem, the goal is to find the total heat flux
distribution on heater surface 2 which satisfies the desired
total heat flux as well as temperature on design surface 1.
The Levenberg–Marquardt method is used to solve a set
of equations expressed by errors between estimated and
desired total heat flux on design surface. In order to dimin-
ish computing time for calculating sensitivity matrix, a
combined method of automatic differentiation and Broy-
den combined update is adopted in this study.

Detailed description of mathematical formulations and
numerical methods used in this work is given below.

2.2. Governing equation

Non-dimensional energy conservation equation govern-
ing the steady-state combined conduction and radiation
heat transfer is defined by

r2H� ð1� xoÞ
NCR

ðG� �H4Þ ¼ 0 ð1Þ

where H ¼ T
T ref
;x0 ¼ rs

bo
;N CR ¼ kb

4rT 3
ref

and b0 = ja + rs.

Here, all thermal properties are assumed constant, while
G� ¼ G

4Eb
¼ 1

4p

R
4p I�ð~r; s

_ÞdX is the dimensionless incident

radiation obtained by solving the radiative transfer
equation.

Non-dimensionalized radiative transfer equation gov-
erning the radiation intensity for a gray medium at any
position~r along a path s

_
through an absorbing, emitting,

and isotropically scattering medium is given by

dI�ð~r; s
_Þ

ds
þ I�ð~r; s

_Þ ¼ ð1� xoÞH4 þ xo

4p

Z
4p

I�ð~r; s
_ÞdX0 ð2Þ

where I� ¼ I
IbðT ref Þ

and s = bos.
The boundary condition for a diffusely emitting and

reflecting wall can be written as follows:

I�ð~rw; s
_Þ ¼ ewð~rwÞH4ð~rwÞ þ

1� ewð~rwÞ
p

�
Z

s
_0 �~nw<0

I�ð~rw; s
_0Þj s

_0 �~nwjdX0 ð3Þ

where ew is the wall emissivity and~nw, which has a positive
value when the ray travels from the wall to medium, is the
unit normal vector to the wall. The finite-volume method
was adopted to obtain the discretizatized equation of en-
ergy conservation equation, Eq. (1) [11].

The dimensionless radiative and conductive heat fluxes
are calculated as follows:

q�Rð~rwÞ ¼
qR

4Eb
¼ 1

4p

Z
4p

I�ð~rw; s
_Þð~nw � s

_ÞdX ð4Þ

q�Cð~rwÞ ¼
qC

4Eb
¼ �NCRrH ð5Þ



K.W. Kim, S.W. Baek / International Journal of Heat and Mass Transfer 50 (2007) 2828–2837 2831
Finally, the dimensionless total heat flux is given by

q�Tð~rwÞ ¼ q�Cð~rwÞ þ q�Rð~rwÞ: ð6Þ

In this study, the downward direction is defined as positive
for the total heat flux on design and heater surface.
2.3. Finite-volume method (FVM) for radiation

In solving the radiative transfer equation, the FVM is
adopted for its convenience in selecting the solid angle while
guaranteeing an exact global conservation of radiative
energy. The Chui’s way to treat the axisymmetric geometry
is employed here [12]. To obtain the discretized form of equa-
tion, Eq. (2) is integrated over a control volume, DV, and a
control angle, DXm, in the axisymmetric orthogonal grid as
shown in Fig. 2. By assuming that the magnitude of the
intensity in a control volume and control angle is constant,
the following finite-volume formulation can be obtained:X
i¼e;w;n;s;t;b

I�;mi DAiDm
ci ¼ ð�I�;mP þ S�;mr;P ÞDV DXm ð7aÞ

where

Dm
ci ¼

Z umþ
X

um�
X

Z hmþ

hm�
ð s_ �~niÞ sin hdhduX ð7bÞ

s
_ ¼ sin h cos uX~ex þ sin h sin uX~ey þ cos h~ez ð7cÞ
b c
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p
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t
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Fig. 2. Angular control angle and spatial control volume: (a
~ne ¼ sin u0;P�~ex � cos u0;P�~ey ð7dÞ
~nw ¼ � sin u0;Pþ~ex þ cos u0;Pþ~ey ð7eÞ
~nn ¼ �~ns ¼ cos uo;P~ex þ sin uo;P~ey ð7fÞ
~nt ¼ �~nb ¼~ez ð7gÞ

S�;mr ¼ ð1� x0ÞH4 þ x0

4p

Z
X0¼4p

I�;m
0
Um0!m dX0 ð7hÞ

DXm ¼
Z umþ

X

um�
X

Z hmþ

hm�
sin hdhduX ð7iÞ

In order to relate the intensities on the control volume
surfaces to the nodal one, the step scheme, which is not
only simple and convenient, but also ensures positive inten-
sity, is adopted. Then, the final discretized equation for
FVM becomes

am
P I�;mP ¼

X
I¼E;W ;S;N ;T ;B

am
I I�;mI þ bm

P ð8aÞ

am
I ¼ �DAiDm

ci;in ð8bÞ
am

P ¼
X

i¼e;w;s;n;t;b

DAiDm
ci;out þ DV DXm ð8cÞ

bm
P ¼ ðS

�;m
r;P ÞDV DXm ð8dÞ

where

Dm
ci;out ¼

Z
DXm
ð~ni � s

_ÞdX~ni � s
_
> 0 ð8eÞ

Dm
ci;in ¼

Z
DXm
ð~ni � s

_ÞdX~ni � s
_
< 0 ð8fÞ
E

p

S

W
w

N

n

s

x

y

) angular control angle and (b) spatial control volume.
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The spatial and angular domains are discretized into
50 � 50 control volumes and 8 � 20 control angles.

2.4. Levenberg–Marquardt method (LMM)

In applying the quasi–Newton’s method to inverse anal-
ysis, a set of equations has to be formulated using the dif-
ference between the estimated and desired heat flux on
design surface as follows:

SiðPÞ ¼ q�T ;e;iðPÞ � q�T ;d;i for i ¼ 1; . . . ; ne ð9Þ

Here, P is unknown parameter, which is a temperature dis-
tribution required on heater surface, H2, in this work. In
the above equation, S can be expressed in Taylor series,
and should converge to zero while finding appropriate
parameters such that

SðPÞ ffi S0ðP0Þ þ rSðPÞðP� P0Þ ¼ 0 ð10Þ
where rSðPÞ ¼ oSðPÞ

oP
¼ oq�T ;eðPÞ

oP
, which is the matrix of sensi-

tivity coefficients, X.
After some manipulation of Eq. (10), we can derive the

following relation:

Pkþ1 ¼ Pk � ðXkÞ�1
Sk ð11Þ

Here, it must be noted that the above relation may be ap-
plied only for the case that the number of equations is the
same as that of unknown variables. However, based on the
fact that the number of equations can be greater than that
of unknown variables in the inverse analysis, Eq. (11) is
modified as follows:

Pkþ1 ¼ Pk � ½ðXkÞTXk��1ðXkÞTSk ð12Þ
The Levenberg–Marquardt method adopts a damping term
to cope with ill-posed characteristics such that

Pkþ1 ¼ Pk � ½ðXkÞTXk þ lkXk��1ðXkÞTSk ð13Þ
where l is a positive scalar named damping parameter, and
Xk = diag[(Xk)TXk] is a diagonal matrix [4].

2.5. Automatic differentiation (AD)

No matter how complicated the objective function, it is
executed on computer as a sequence of code events con-
taining only elementary operations such as addition, sub-
traction, multiplication or division. By applying chain
rule on every code event, the sensitivity coefficients can
be calculated. Based on this fact, a program code for the
calculation of sensitivity coefficients can be directly
extracted from the code of direct problem. For this reason,
this method does not need to derive an adjoint problem or
a sensitivity problem so that their discretization procedure
for solving those problems is not necessary either.

Rather, it needs following two steps for automatic differ-
entiation. Firstly, the objective function for differentiation
should be broken into its most elementary forms. Each ele-
mentary form permits only one computational operation
such as addition, subtraction, multiplication or division.
Secondly, the code event is sequentially differentiated in
the form of total derivatives.

There are two approaches to calculate sensitivity matrix
in AD, i.e. source transformation and operator overload-
ing. The former is to change the source code following
the previously described manner such that the source code
is decomposed into elementary code events. The latter does
not decompose the source code, but instead uses a derived
type of modern compiler. It needs a modern compiler to
overload elemental operator such as intrinsic functions in
the FORTRAN. Since the variables for differentiation have
a derived type comprised of the function value, the first and
the second order derivatives, the redefinition of operators is
needed. In this approach, all we have to do is just to define
all variables involved in the calculation of differentiation in
derived type. This requires, however, more additional com-
putational resource since all variables involved in the calcu-
lation of differentiation should be defined in derived type.
We adopted ADIFOR as source transformation type in
this work [10].

There are two modes, i.e. forward and backward,
according to the direction applying chain rule to code
event. In this study, the forward mode is adopted, while
its general formulation of differentiation by chain rule in
forward mode is written by

oSi

oej
¼
Xnc

k¼npþ1

oSi

oek

oek

oej
; i ¼ 1; . . . ; ne and j ¼ 1; . . . ; np

ð14Þ

where nc is the number of code events.

2.6. Broyden combined update (BC)

The various secant methods have been studied by many
researchers for their convenience in calculating the gradient
value [13–15]. They utilize the function values of present
and previous iterations to obtain the gradient information.
Broyden’s method for nonlinear systems belongs to the
present type. The Levenberg–Marquardt method (LMM)
finds the solution with following iteration procedure:

Pkþ1 ¼ Pk þ Dk ð15Þ
Dk ¼ �½ðXkÞTXk þ lkXk��1ðXkÞTSk ð16Þ

The Broyden’s method approximates Xk by Bk so that it
does not involve any computing derivative at all. More-
over, Bk+1 is obtained from Bk using simple procedures,
so called, update.

Broyden’s good method (BGM) is defined by

Bkþ1 ¼ Bk þ
ðyk � BkDkÞDT

k

DT
k Dk

ð17Þ

Here, yk = S(Pk+1) � S(Pk) is the difference in function val-
ues of previous and present iteration. Additionally, the def-
inition of Broyden’s bad method (BBM) is
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Bkþ1 ¼ Bk þ
ðyk � BkDkÞyT

k Bk

yT
k BkDk

ð18Þ

The name of method does not indicate that BGM is supe-
rior to BBM. In [13], a combined method was devised to
choose BGM or BBM according to the test rule as defined
by

jDT
k Dk�1j

jDT
k ðXkÞ�1

ykj
<
jyT

k yk�1j
yT

k yk

ð19Þ

If the above condition is satisfied, BGM is applied, other-
wise, BBM is selected.

The Broyden combined update turned out to be superior
to BGM or BBM alone. In order to use this method, the
first Jacobian value, B0, should be provided using finite-dif-
ference approximation (FD) or AD.

2.7. Inverse analysis procedure

In order to estimate the total heat flux distribution on
heater surface satisfying the desired total heat flux and tem-
perature on design surface, all properties are assumed to be
known except the total heat flux distribution on heater sur-
face. The computational algorithm for inverse problem can
be summarized as follows. Suppose that desired total heat
flux q�T ;d ¼ ðq�T ;d;1; q�T ;d;2; . . . ; q�T ;d;ne

Þ and temperature are
given at each element on design surface and an initial guess
P0 is available. The solution is sought by the following iter-
ative steps:

1. Knowing Pk, compute I�ð~r; s
_Þ in Eq. (2) by solving the

direct problem with boundary condition of Eq. (3),
and calculate non-dimensional incident radiation, G*

and radiative heat flux of Eq. (4) on design surface, q�R;d .
2. Knowing G*, compute internal temperature distribution

H from Eq. (1), and calculate non-dimensional conduc-
tive heat flux on design surface, q�C;d , given by Eq. (5).

3. Calculate non-dimensional total heat flux on design sur-
face, q�T ;d , given by Eq. (6).

4. Check the stopping criterion. If max Pkþ1�Pk

Pkþ1

� �
6 10�6,

all calculation steps are terminated, otherwise, the
inverse procedure is continued.

5. Compute the sensitivity matrix X with methods of AD
from Eq. (14) or BC from Eqs. (17)–(19).

6. Knowing Xk, compute Pk+1 from Eq. (13). Replace
k + 1 by k and return to step 1.

3. Results and discussion

3.1. Validation of FVM code for combined radiation and

conduction

FVM code was applied for validation to infinite concen-
tric cylinders with isothermal diffuse boundaries, since
results obtained by exact formulation [1] and discrete ordi-
nates method (DOM) [3] are available in the literatures. In
order to simulate infinite concentric cylinders, cyclic condi-
tion was imposed on east and west boundary, that is, out-
ward intensity in east boundary was set as inward intensity
in west boundary if solid angle is the same, and vice versa,
respectively. Additionally, the ratio of outer radius to cyl-
inder length was set to 1/10. Non-dimensional temperature

distribution, HðrÞ�HðroutÞ
HðrinÞ�HðroutÞ, for various scattering albedo was

computed for comparison with other results under the con-
dition of brin = 1,brout = 2, H(rin) = 1, H(rout) = 0.1,
e(rin) = e (rout) = 0.5, NCR = 0.03.

Fig. 3 shows the results acquired by various methods of
Monte-Carlo, DOM and the present FVM. The results are
in good agreement one another. Based on this comparison,
the computational code developed is considered as vali-
dated for next analysis.
3.2. Inverse problem

First of all, in order to simulate a desired total heat flux,
a direct problem was solved using Eqs. (1)–(6) given
boundary conditions and medium properties as depicted
in Fig. 1b. After obtaining the simulated desired total heat
flux, we inversely tried to estimate an appropriate bound-
ary temperature on heater surface to figure out that the
inverse method proposed here works properly.

Fig. 4 shows the estimated boundary temperature on
heater surface and resulting total heat flux on heater and
design surface. The boundary temperature distribution on
heater surface was very accurately estimated. In this study,
the downward direction is defined as positive for total heat
flux on design and heater surfaces.

Comparison of computational time required for calcu-
lating sensitivity matrix was carried out to investigate the
efficiency of AD and BC. Finite-difference approximation
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with forward approximation was adopted as reference as
follows (e = 10�6 is used).

oSi

oP j
¼

oq�T ;e;i
oP j

ffi
q�T ;e;iðP 1; . . . ; P j þ eP j; . . . ; P np Þ � q�T ;e;iðP 1; . . . ; P j; . . . ; P np Þ

eP j

for i ¼ 1; . . . ; ne and j ¼ 1; . . . ; np: ð20Þ

Maximum optimization level was used in FORTRAN
compiler, when using Pentium IV 3.0 GHz processor.
When BC was used with the Levenberg–Marquardt meth-
od (LMM), more iteration number was needed than AD
and FD as shown in Table 1, since BC uses an average rate
of change instead of an instantaneous rate of change. How-
ever, BC was observed to expend the shortest computa-
tional time. The result shows that BC is efficient as well
as accurate enough to estimate unknown parameters so
that we adopted BC as sensitivity methods for inverse anal-
ysis given below, while AD is used for B0.
3.3. Effect of ratio of cylinder length to outer radius

The effect of a ratio of cylinder length to outer radius on
the total heat flux distribution was considered at various
dimensionless positions defined as z* = z/L on the heater
surface. When the ratio was changed from the reference
value, L/rout = 4, some damping was necessary to obtain
a smooth and stable solution. For this reason, l = 1 was
used. Fig. 5 shows the total heat flux distributions on hea-
Table 1
Comparison of iteration number and computational time for three cases of L

Initial value LMM + FD LMM + A

Iteration No. CPU time (s) Iteration N

0.8 6 5746.78 6
ter and design surface for the various ratios of cylinder
length to outer radius, when the desired total heat flux
on design surface for L/rout = 4 is satisfied. As the ratio
increases, the total heat flux distribution on heater surface
becomes more uniform. This result indicates that the
desired total heat flux on design surface can be achieved
with heater with more uniform heat flux as the length of
heater surface is extended.

3.4. Effect of emissivity of side walls

When the emissivity of side walls of 3 and 4 is changed,
the variation of total heat flux on heater surface, which sat-
isfies the minimization of the difference in estimated and
desired heat fluxes on design surface, is shown in Fig. 6.
The result shows that the magnitude of total heat flux on
heater surface near the side walls becomes bigger than that
for reference value, e3,4 = 0.8, when the wall emissivity
increases but the desired total heat flux for e3,4 = 0.8 is sat-
isfied. This is because the wall with higher emissivity
absorbs more heat. Even though the emissivity was signif-
icantly changed, the corresponding inverse solution satisfy-
ing its relevant desired heat flux was successfully found.

3.5. Effect of temperature at side walls

When temperature at side walls of 3 and 4 increases, the
magnitude of total heat flux on heater surface near the side
walls becomes smaller than that for reference value,
MM + FD, LMM + AD, and LMM + BC

D LMM + BC (AD used for B0)

o. CPU time (s) Iteration No. CPU time (s)

3380.53 12 1019.10
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H3,4 = 0.5 as shown in Fig. 7. This is because more heat is
supplied from the side walls when the desired total heat flux
for H3,4 = 0.5 is satisfied. This effect is more significant
than that of wall emissivity, since the effect of wall emissiv-
ity is indirect compared with the wall temperature effect. In
seeking the effects of side wall temperature, a damping is
needed to obtain the stable inverse solution at k = 5.

3.6. Effect of conduction-to-radiation parameter

As the magnitude of conduction-to-radiation parameter
becomes larger, the amplitude of oscillation becomes larger
as shown in Fig. 8. This is due to the fact that the sensitivity
value becomes smaller when the conduction heat transfer
becomes more dominant than radiative heat transfer. For
this reason, the estimation of total heat flux near the
boundary becomes more difficult by using the gradient-
based method. In cases of NCR = 0.1 and 1, a damping
was needed to get smooth solution. Even though the damp-
ing parameter was applied, a minus heat flux was predicted
for the case of NCR = 1. In such a case, the stochastic
method such as genetic algorithm would yield a better esti-
mation solution.
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3.7. Example as a real design problem

The methodology used in this study was applied to deal
with a real design problem in which its inverse solution is
not a priori known. On design surface, two boundary con-
ditions of uniform dimensionless temperature, H1 = 0.5,
and total heat fluxes, q�T ;d ¼ 0:1; 0:15 or 0.2 are imposed.
In order to inspect its convergence more carefully, a damp-
ing parameter of l = 1 was applied. Fig. 9 shows the
inverse solution satisfying each imposed condition. As the
desired total heat flux increases, total heat flux on heater
surface also increases to provide more heat flux on design
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Fig. 10. Resulting total heat fluxes on design surface at k = 5.
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Fig. 12. Resulting total heat fluxes on design surface for various boundary
temperatures at k = 5.
surface. Fig. 10 shows their resulting total heat flux distri-
butions on design surface calculated with estimated heat
flux on heater surface in Fig. 9. It is observed that an
almost uniform heat flux could be achieved except for both
end regions. Since the previous result showed that the
increment in side wall temperature induced a decrease in
total heat flux at end regions of the heater surface, several
side wall temperatures were tested to obtain a more uni-
form total heat flux distribution on heater surface for
q�T ;d ¼ 0:2. Fig. 11 shows that the total heat flux distribu-
tion on heater surface becomes more uniform when the side
wall temperature increases up to H3,4 = 0.8. However,
when H3,4 becomes 0.9, a minus heat flux appears at each
end region. Fig. 12 shows resulting total heat flux distribu-
tions on design surface for various side wall temperatures.
As it increases, the total heat flux distribution in the middle
region becomes more uniform. However, an extraordinary
change in total heat flux occurs at end regions because of
the restriction of boundary condition.

4. Conclusions

Inverse radiation–conduction design analysis in a two-
dimensional concentric cylindrical absorbing, emitting
and scattering medium has been conducted, given desired
boundary conditions on the design surface. By adopting
the automatic differentiation and the Broyden combined
update as a sensitivity method, the computational time
for calculating sensitivity matrix could be reduced up to
1/6 compared with that required for the finite-difference
approximation.

Various parametric analyses have shown that in most
cases the total heat flux on heater surface satisfying the
desired condition on design surface could be well estimated
using the current inverse analysis. However, it must be
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noted that a stable and smooth solution could be obtained
by controlling the damping parameter when the Leven-
berg–Marqurdt method was used for ill-posed case.

Finally, the inverse method was applied to a real design
problem to get the total heat flux on heater surface satisfy-
ing uniform heat flux and temperature distribution on
design surface. The desired heat flux distributions could
be achieved except for both end regions. This shortcoming
is considered to be successfully eliminated through the
extension of heater surface length. Additionally, more uni-
form total heat flux distribution in the middle region on
design surface and at each end region on heater surface
could be obtained by increasing the side wall temperatures.
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